We consider RFDiff invariant Hořava-Lifshitz gravity action with additional Lagrange multiplier term that is a function of scalar curvature. We find its Hamiltonian formulation and we show that the constraint structure implies the same number of physical degrees of freedom as in General Relativity.
Introduction and Summary
In 2009 Petr Hořava formulated new proposal of quantum theory of gravity (now known as Hořava-Lifshitz gravity (HL gravity) that is power counting renormalizable [1, 2, 3] that is also expected that it reduces do General Relativity in the infrared (IR) limit 1 . The HL gravity is based on an idea that the Lorentz symmetry is restored in IR limit of given theory while it is absent in its high energy regime. For that reason Hořava considered systems whose scaling at short distances exhibits a strong anisotropy between space and time,
x ′ = lx , t ′ = l z t .
(1.1)
In (D + 1) dimensional space-time in order to have power counting renormalizable theory requires that z ≥ D. It turns out however that the symmetry group of given theory is reduced from the full diffeomorphism invariance of General Relativity to the foliation preserving diffeomorphism
Due to the fact that the diffeomorphism is restricted (1.2) one more degree of freedom appears that is a spin−0 graviton. It turns out that the existence of this mode could be dangerous since it has to decouple in the IR regime, in order to be consistent with observations. Unfortunately, it seems that this might not be the case. It was shown that the spin-0 mode is not stable in the original version of the HL theory [1] as well as in the Sotiriou, Visser and Weinfurtner (SVW) generalization [9] . Note that in both of these two versions, it was all assumed the projectability condition that means that the lapse function N depends on t only. This presumption has a fundamental consequence for the formulation of the theory since there is no local form of the Hamiltonian constraint but only the global one.
On the other hand we can consider the second version of HL gravity where the projectability condition is not imposed so that N = N (x, t) 2 . This form of HL gravity was extensively studied in [12, 13, 14, 15, 16, 15, 18, 19, 20, 21, 22, 23] . It was shown in [15] that so called healthy extended version of given theory could really be an interesting candidate for the quantum theory of gravity without ghosts and without strong coupling problem despite its unusual Hamiltonian structure [18, 19] .
Recently Hořava and Malby-Thompson in [26] proposed very interesting way how to eliminate the spin-0 graviton in the context of the projectable version of HL gravity. Their construction is based on an extension of the foliation preserving diffeomorphism in such a way that the theory is invariant under additional local U (1) symmetry. The resulting theory is known as non-relativistic covariant theory of gravity 3 . It was shown in [26, 27] that the presence of this new symmetry implies that the spin-0 graviton becomes nonpropagating and the spectrum of the linear fluctuations around the background solution coincides with the fluctuation spectrum of General Relativity.
In this paper we present another version of HL gravity with the correct number of physical degrees of freedom. Our model is based on the formulation of the HL gravity with reduced symmetry group known as restricted-foliation-preserving Diff (RFDiff) HL gravity [15, 24] . This is the theory that is invariant under following symmetries
The characteristic property of given theory is the absence of the Hamiltonian constraint [24] either global or local. Note that the meaning of the global Hamiltonian constraint is not completely clear [26] so that formulation of the HL gravity without the lapse function could be an interesting possibility how to eliminate this problem. Our construction is based on the idea of modification of RFDiff HL action that respects all symmetries of the theory however which changes the constraint structure of given theory. Remarkably this goal can be achieved when we include into the action additional term which is a function of the scalar curvature and it is multiplied by Lagrange multiplier. Then we perform the Hamiltonian analysis of given system and we show that the number of physical degrees of freedom coincides with the physical number of degrees freedom of General Relativity. This fact implies that dangerous scalar graviton is eliminated even if there is no additional gauge symmetry 4 . This remarkable result suggests that Lagrange multiplier modified RFDiff HL gravity is an interesting example of the power counting renormalizable theory of gravity with restricted symmetry group where however the scalar graviton is eliminated. On the other hand the fact that this is theory with the second class constraints makes the deeper analysis rather obscure. In fact, it is not clear how to solve the second class constraints for the physical degrees of freedom. Further, due to the fact that the Poisson bracket between second class constraints depends on the phase space variables implies that the symplectic structure on the reduced phase space defined by corresponding Dirac brackets depends on phase space variables which makes further analysis of given theory very difficult. In fact, the conventional method for covariant quantization of a theory with second class constraints is to go over to an equivalent formulation where second class constraints are replaced by the first class ones in one or another way. For example, implementing the abelian conversion of the second class constraints [46] we can formulate given theory as the theory with the first class constraints. Explicitly, by introducing additional variables Φ called conversion variables we can extend second-class constraints by Φ dependent terms such that the extended constraints become first class. However we can expect that given procedure will be purely formal due to the fact that the Poisson bracket between the second class constraints depends on the phase space variables in complicated way so that the extended Hamiltonian and constraints will contain infinite many terms. We would like to stress that the Lagrange multiplier modified gravities were studied previously in [34] , see also [35, 36] . However due to the fact that given theories are invariant under full diffeomorphism it is only possible to add to the action additional terms that are functions of the space-time curvature only. As a result the Hamiltonian structure of given theory is in agreement with basic principles of geometrodynamics [43, 44, 45] . In other words, the Hamiltonian structure of Lagrange multiplier modified F (R) gravities is the same as the structure of the original F (R) gravity. We can generalize this construction and consider the Lagrange multiplier modified F (R) HL gravity [37, 38] , for review see [39] . Even if the resulting theory can be interesting in its own it cannot solve the scalar graviton problem of HL gravity due to the presence of additional scalar modes that are general property of all F (R) theories of gravity. More precisely, the Hamiltonian structure of Lagrange multiplier modified F (R) HL gravity is the same as the Hamiltonian structure of F (R) HL gravity coupled to scalar field with specific form of the action. As a consequence the resulting constraints are not sufficient to eliminate the scalar graviton. We should however stress that we could consider yet another form of the Lagrange modified F (R) HL gravities where we add additional term that is function of the scalar curvature R instead ofR. It is easy to see that the presence of the additional constraint is sufficient for the elimination of the scalar graviton.
Let us outline our results and suggest possible extension of this work. We consider Lagrange multiplier modified RFDiff invariant HL gravity and we argue that the number of physical degrees of freedom coincides with the number of degrees of freedom of General Relativity. As a consequence the scalar graviton can be eliminated in the fluctuation spectrum of given theory. If we combine this result with the well known fact that HL gravity is power counting renormalizable theory we derive an intriguing formulation of the theory of gravity that has correct number of physical degrees of freedom and which is potentially power counting renormalizable. Of course there is still the problematic fact that this is the theory with the second class constraints. The related problem is that this is the theory with the complicated symplectic structure.
Let us suggest possible extensions of given work. It would be nice to see whether the Lagrange multiplier mechanism can be implemented in the structure of infrared modified gravities (For review, see [47] ) and solve some of their problems. There is also an open question how the low energy limit of the Lagrange multiplier modified RFDiff HL gravity is related to General Relativity. This paper is organized as follows. In the next section we review basic properties of RFDiff HL gravity and perform its modification when we include term multiplied by Lagrange multiplier into corresponding action. Then we find its Hamiltonian formulation and determine constraints structure. In section (3) we consider more general form of Lagrange multiplier modified RFDiff invariant HL gravities and analyze their properties.
Hořava-Lifshitz Gravity with Lagrange Multiplier
We begin this section with review of basic facts needed for the formulation of RFDiff invariant HL gravity. This is the well know D + 1 formalism that is the fundamental ingredient of the Hamiltonian formalism of any theory of gravity 5 . Let us consider D + 1 dimensional manifold M with the coordinates x µ , µ = 0, . . . , D and where x µ = (t, x) , x = (x 1 , . . . , x D ). We presume that this space-time is endowed with the metricĝ µν (x ρ ) with signature (−, +, . . . , +). Suppose that M can be foliated by a family of space-like surfaces Σ t defined by t = x 0 . Let g ij , i, j = 1, . . . , D denotes the metric on Σ t with inverse g ij so that g ij g jk = δ k i . We further introduce the operator ∇ i that is covariant derivative defined with the metric g ij . We introduce the future-pointing unit normal vector n µ to the surface Σ t . In ADM variables we have n 0 = −ĝ 00 , n i = −ĝ 0i / −ĝ 00 . We also define the lapse function N = 1/ −ĝ 00 and the shift function N i = −ĝ 0i /ĝ 00 . In terms of these variables we write the components of the metricĝ µν aŝ
RFDiff invariant Hořava-Lifshitz gravity was introduced in [15] and further studied in [24] . This is the version of the Hořava-Lifshitz gravity that is not invariant under foliation preserving diffeomorphism but only under reduced set of diffeomorphism
The simplest form of RFDiff invariant Hořava-Lifshitz gravity takes the form [24]
where we introduced modified extrinsic curvaturẽ
that differs from the standard extrinsic curvature by absence of the lapse N (t). Further the generalized De Witt metric G ijkl is defined as
where λ is a real constant that in case of General Relativity is equal to one. Finally V(g) is general function of g ij and its covariant derivative. We would like to stress that the action (2.3) differs from the projectable version of HL gravity by absence of the lapse N = N (t). It is clear that we could consider more general form of RFDiff HL theory where the time and space partial derivatives of N are included [15] . Due to the fact that N behaves as scalar under (2.2) we can interpret this theory as a coupled system of the RFDiff HL gravity (2.3) with the scalar field. Then for simplicity we restrict ourselves to the action (2.3) keeping in mind that it can be easily generalized.
It was shown in [33] that this action can be extended to be invariant under U (1) transformation, following very nice construction given in [26] . Hamiltonian analysis of given theory shows that the number of physical degrees of freedom coincides with the number of physical degrees of freedom of General Relativity. Now we show that the same result can be derived with the minimal extension of RFDiff HL gravity when we add to the original RFDiff HL action following term
where G is function of D−dimensional curvature R 6 and where A is Lagrange multiplier that transforms as scalar
under (2.2). Then since R and d D x √ g are manifestly invariant under (2.2) we immediately obtain that (2.6) is invariant under (2.2). In summary we consider following action for Lagrange multiplier modified RFDiff HL gravity
Our goal is to perform the Hamiltonian analysis of given theory. From (2.8) we find the conjugate momenta
that imply the D + 1 primary constraints
Further, using (2.9) we easily find the Hamiltonian with primary constraints included
11)
6 G(R) = R − Ω in [26] .
where
(2.12)
Following standard analysis of the constraint systems [40, 41, 42] we demand that the primary constraints are preserved during the time evolution of the system. Explicitly
so that the requirement of the preservation of the primary constraints implies the secondary ones Φ 1 ≈ 0, H i ≈ 0. Of course, now we have to demand that these constraints are preserved during the time evolution of the system. In case of H i it is convenient to introduce following extended smeared form of these constraints
where we included the primary constraint p A ≈ 0 into the definition of T S . Then it is easy to see that T S (N i ) is generator of spatial diffeomorphism. If we include these secondary constraints into Hamiltonian we find that the total Hamiltonian now takes the form
Using the fact that the action is invariant under spatial diffeomorphism we immediately find that T S (N i ) is preserved during the time evolution of the system. The situation is different in case of the secondary constraint Φ 1 . Using following formulas
we find that the time derivative of Φ 1 is equal to
is additional constraint that has to be imposed in order the constraint Φ 1 is preserved during the time evolution of the system. Following [41, 42] we include the constraint Φ 2 into definition of the total Hamiltonian so that 19) where v i , v A , v 1 , v 2 are corresponding Lagrange multipliers. Now we should again check the stability of all constraints. It is easy to see that the primary constraints together with T S (N i ) are preserved while the time evolution of the constraint Φ 1 ≈ 0 is equal to
we find that the equation (2.20) gives v 2 = 0. In the same way the requirement of the preservation of the constraint Φ 2 implies
Using the fact that {Φ 2 , H T (x)} = 0 and also the equation (2.21) we see that (2.22) can be solved for v 1 . In fact, (2.21) shows that Φ 1 and Φ 2 are the second class constraints and previous analysis that no additional constraints have to be imposed on the system. According to standard analysis the second class constraints Φ A , A = 1, 2 have to vanish strongly and allow us to express two phase space variables as functions of remaining physical phase space variable. It is important to stress that the Poisson bracket between the second class constraints depend on the phase space variables so that it is possible that it vanishes on some subspace of phase space. On the other hand from (2.21) we see that for λ = 1 this Poisson bracket is non-zero on the whole phase space. On the other hand in case when λ = 1 we find that this Poisson bracket vanishes for the subspace of the phase space where R ij = 0. First of all we have to check the consistency of the condition R ij = 0 with the constraint G(R) = 0. If yes, then we see that Φ 1 is preserved during the time evolution of the system and hence it is not necessary to impose additional constraint Φ 2 ≈ 0. Moreover, the constraint Φ 1 ≈ 0 is replaced with the set of more general constraints R ij ≈ 0. These constraints imply that all metric components and their conjugate momenta are nonpropagating degrees of freedom and hence the theory on the subspace R ij = 0 is effectively topological. To conclude the Poisson bracket between the constraints Φ 1 , Φ 2 is non-zero on the whole phase space for λ = 1. In case of λ = 1 it vanishes on the subspace R ij = 0 (on condition its consistency with constraint G(R) = 0) which is special since it corresponds to effectively topological theory. Returning now to the constraints Φ 1 , Φ 2 we find that it is very difficult to solve them in full generality. 7 For that reason we restrict to the general discussion of the constraint structure of given theory that allows us to determine the number of physical degrees of freedom. 
that exactly corresponds to the number of the phase space physical degrees of freedom of D + 1 dimensional gravity. We see that the phase space of the Lagrange multiplier modified RFDiff HL gravity provides correct counting of the physical degrees of freedom of gravitational theory. It is important to stress that this is the theory without global Hamiltonian constraint and without additional U (1) symmetry. Further, this is the theory with non-trivial symplectic structure. To see this note that the Poisson bracket between the constraints Φ A can be written as 24) where the matrix △ AB has following structure 25) where * denotes non-zero elements. It easy to see that matrix inverse to (2.25) has the form
Now we observe that
Then we find that the Dirac brackets between canonical variables take the form 28) where the matrix Ω depends on phase-space variables according to (2.26) and (2.27). The fact that the symplectic matrix depends explicitly on phase space variables implies that it is nontrivial step to proceed to the quantum mechanical analysis of given system. In principle it is possible to perform the abelian conversion of Lagrange multiplier modified RFDiff HL gravity to the system with the first class constraints following [46] . However the fact that the matrix △ AB depends on the phase space variables in non-trivial way we can expect that the resulting Hamiltonian and first class constrains will contain infinite number of terms and hence the analysis of given theory will be very complicated.
It is important to stress that the fact that the Hamiltonian is not given as linear combination of constraints has an important consequence for the stability of given theory. Explicitly, it is well known that some massive gravities are unstable since the Hamiltonian is not bounded from bellow. Alternatively, the instability of given theory is also indicated by presence of the ghosts (fields with wrong sign of kinetic term in the action) in the fluctuation spectrum. In case of the Lagrange multiplier modified RFDiff HL gravity there is no such a ghost due to the fact that only physical degrees of freedom propagate (the scalar graviton is absent) and hence linearized RFDiff invariant HL gravity has positive definite Hamiltonian. On the other hand it is not clear whether this holds in general case since in order to fully investigate the Hamiltonian of general Lagrange multiplier modified HL gravity we should solve the second class constraints and express given Hamiltonian in terms of physical modes only. However as we argued above this is very difficult task and hence an analysis of the stability of Lagrange multiplier modified HL gravity has not been performed yet.
More General Forms of Lagrange Multiplier Modified HL Gravities
We would like to stress that our work is based on the formulation of the Lagrange multiplier modified F (R) gravities introduced in [34] where following form of Lagrange multiplier modified F (R) gravity action was considered
where F 1 and F 2 are arbitrary functions and where (D+1) R is D + 1 dimensional scalar curvature and where Λ is Lagrange multiplier. Note that the action (3.1) is invariant under full diffeomorphism of the target space-time. Introducing two auxiliary fields A, B we can rewrite the action (3.1) into the form
that is suitable for the generalization to the case of F (R) HL gravity. Following [37, 38] we find the generalization of this action to the case of HL gravity when we replace (D+1) R withR defined as
where µ is constant, K = K ij g ji . On the other hand using the representation (3.2) we see that the Lagrange multiplier modified F (R) HL gravity is equivalent to the F (R) HL gravity coupled to the scalar field with specific form of the action. The similar situation was analyzed in [35] in case of Lagrange multiplier modified F (R) gravities. It was shown there that the Lagrange multiplier modification of the action implies specific Hamiltonian dynamics of the scalar field A while the Hamiltonian structure of the part of the action corresponding to gravity degrees of freedom is the same as in case of original F (R) gravity. Clearly the same situation occurs in case of Lagrange multiplier modified F (R) HL gravity. Even if such theory could be useful for further development of the cosmological models in the context of F (R) HL gravity it is also clear that given theory cannot solve the scalar graviton problem that is general property of all projectable versions of HL gravities. However it is also clear that this scalar graviton can be eliminated when we extend F (R) HL action with the term that is function of the scalar curvature and multiplied by Lagrange multiplier. This procedure is completely the same as in previous section so that we will not repeat it here.
On the other hand we can consider more general form of Lagrange multiplier modified RFDiff HL gravity that is inspired by the action (3.1). Explicitly, let us consider following form of the Lagrange multiplier modified RFDiff HL gravity 5) and where F and G are general functions. Introducing two auxiliary fields A, A we can rewrite this action in an equivalent form
4) where∇
The part of the action written on the first line is the same as the action (2.8) when we identify G(R) with (R − A). In order to see whether given modification could be useful it is instructive to perform the Hamiltonian analysis of given action. As usual we begin with the definition of conjugate momenta
From these relations we find D + 1 primary constraints
and the Hamiltonian
Now the time evolution of the primary constraints implies
so that we have following secondary constraints H i ≈ 0 , Φ 1 ≈ 0 and Φ 2 ≈ 0. Including these constraints into definition of the Hamiltonian we obtain the total Hamiltonian in the form
where as usual we introduced the smeared form of the diffeomorphism constraint
As the next step we analyze the consistency of these secondary constraints. Note that the constraint T S (N i ) is preserved during the time evolution of the system from the same reason as in previous section. Further, the preservation of the constraint Φ 1 implies
On the other hand the preservation of the constraint p Λ ≈ 0 implies
(3.14)
If we combine this equation with the equation (3.13) we find an additional constraint that has to be imposed on the system
while (3.14) determines value of the Lagrange multiplier v 2 = 0. It turns out that in order to fully determine all Lagrange multipliers we have to consider the time evolution of the constraint Φ II 1 as well. Of course we also include the expression v 1 II Φ II 1 into the definition of the total Hamiltonian. Note also that we have following non-zero Poisson brackets
where the explicit form of these Poisson brackets is not important for us. However it is clear that the presence of the additional term in the Hamiltonian has a consequence on the time evolution of all constrains. Explicitly that together with the first equation in (3.17) implies v 2 = v 1 II = 0. Then the second and third equations simplify considerably and can be solved for v 1 , v Λ as functions of canonical variables at least in principle. The result of this analysis is that all Lagrange multipliers are fixed. In other words we found following four second class constraints
Note that these constraints can be explicitly solved on condition when we replace Poisson brackets with Dirac brackets. From the last constraint we find that p Λ (x) = 0. Further, from Φ 1 we find A = R and then from Φ 2 we express Λ as
.
(3.20)
Inserting this result into Φ II 1 = 0 we find the relation between g ij and π ij where the expression in parenthesis determines the number of physical degrees of freedom of massless graviton while the remaining part corresponds to the scalar mode that is present in the theory. In other words the generalized Lagrange multiplier modified RFDiff HL gravity is not sufficient for the elimination of the scalar graviton and should be only considered as an interesting example of the theory with reduced symmetry group.
